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Abstract 
A feedforward-PD optimal disturbance rejection controller  is designed for MIMO systems with external 
sinusoidal disturbances. By analyzing the internal relations between the optimal disturbance rejection 
algorithms of MIMO systems which based on time-domain state-space representation and the PD-control 
algorithms which based on frequency-domain output feedback ,a PD compensation net is obtained with  
optimal tuning-parameters to achieve the purpose of optimal disturbance rejection. Simulation examples 
are employed to test the validity of the feedforward-PD optimal disturbance rejection controller. 
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1. Introduction 
In practice, the state observer of control system often can not be realized physically. Although we can 
observe the system states by constructing the state observer with the method of hardware or software , 
this may make the system more complicated in some cases , and affect the dynamic performances. All 
these have hampered the application of the optimal control based on state observer in practices. The PID 
controller has been widely used, yet its optimal turning parameters are often difficult to obtained with 
empirical methods. Actually, for a same controlled object, there must be some links between the state 
observer and the PID controller. Based on this theory, Ref. [2] gave a PD dynamic compensation 
algorithm based on output-feedback in order to reconstruct the system states information . This method is 
proofed to be feasible and can obtain the optimal control law in the case of no disturbances. But its 
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dynamic performance is not so good for MIMO system with external disturbances. Actually, there are so 
many kinds of disturbances in practices. 
This paper gave a feedforward-PD optimal disturbance rejection control algorithm by combining the 
feedforward-feedback optimal control[5] with PD dynamic compensation algorithm[2]. It does proof that 
this algorithm can get the optimal PD turning parameters by a simple theoretical calculation and optimal 
system dynamic compensation network, as well as achieve the objective of optimal control for the MIMO 
system with sinusoidal disturbances. The simulation results we have obtained proved that this method has 
a good robustness with respect to sinusoidal disturbances, and solved the problem that it was hard to 
obtain optimal PD turning parameters via empirical methods in practices. Compared with the 
feedforward-feedback method, its system is less complicated and  easier to realized.  
2. Problem Statement 
Considering MIMO systems with sinusoidal disturbances described by 
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external disturbance vector, and the output vector, respectively. , ,A B C  and  are real constant 
matrices of appropriate dimensions.  
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Where frequencies are known and 
amplitudes a  and phases 
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The average infinite time quadratic performance index of the system is defined as  
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Where  and n nQ R ×∈ n nR R ×∈  are positive semi-definite and positive definite matrix respectively, 
and satisfy the usual conditions for the optimal regulator. 
3. Design Optimal Control Law 
According to Ref.[5], the following equations can be obtained via solving the above optimal control 
problems.  
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4. Design PD Feedback Compensation Network 
Assuming the system initial states are zeroes, we can get the following system structure ,where 
R B P−= − .K
Fig .1. Frequency domain structure of the system without disturbances 
The closed-loop transfer function matrix of the system can be obtained from Fig.1.  
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The Fig.1 based on system state-feedback can be transformed into the following structure based on the 
output of the system, and the  is the PD-controller. ( )G s
Fig .2. PD closed-loop control system 
The system closed-loop function matrix is 
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In order to make the two kinds of control algorithms have same dynamic performances, let the matrix 
equation (6) equal matrix equation (7), then we can obtain the following PD-controller transfer function 
matrix described by 
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According to , the proportional parameter ( )G s PK  and the differential time constant parameter 
of the PD-controller can be obtained.  
DT
According to the above, the following equations are given 
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Then we can get the optimal control law and the system status equation by calculating equations (9). 
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5. Example and Simulation  
Considering MIMO system with sinusoidal disturbances which  parameters described by, 
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Chose the average infinite time quadratic performance index (3),its parameters as follows,  
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Simulation results are presented in Fig.3. ---The feedforward-feedback optimal control algorithm; —
The feedforward-PD optimal control algorithm. 
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Fig .3. (a)Simulation curves of x1,x2;(b)Simulation curves of  u and J 
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It can be seen that the presented feedforward-PD optimal control algorithm is effective. Although 
amplitudes of  the system states are  larger than these of the classic feedforward-feedback optimal control 
algorithm, its optimal control optimal law and performance index are very close  to the latter’s. It also 
proved that the system is easier to realized and less complicated ,as well as good dynamic performance.  
6. Conclusions 
We have presented a design scheme of the optimal disturbance rejection control for MIMO systems 
affected by external sinusoidal disturbances. And the PD-controller parameters are given by analyzing the 
closed-loop transfer function. This method solved the problems of the implement of the optimal control 
law and optimal PD turning parameters. The simulation results show that the proposed approach is valid 
and easy to implement. Future efforts should be directed towards proving kinds of nonlinear systems and 
towards proving that the controllers leads to table and robust closed-loop systems. 
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